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A study of the d2 variation for isolated fluid drops and for fluid drops belonging to polydisperse clusters has
been conducted at a high temperature and elevated pressures. The mathematical formulation is based on a
previously validated model of subcritical/supercritical isolated fluid drop behavior. Coupled with the isolated
drop equations, a set of conservation equations has been developed to describe the global cluster behavior. All
these equations are based on the general transport matrix including Soret and Dufour terms and they are
consistent with nonequilibrium thermodynamics and at low pressure with kinetic theory. Moreover, the model
also accounts for real gas effects through accurate equations of state and for correct values of the transport
properties in the high pressure, high temperature regime. The model has been first exercised for isolated LOX
drops in H2 at pressures ranging from 1.5 MPa (subcritical pressure for O2) to 20 MPa (supercritical pressure
for O2). The results show that while at subcritical pressures the d2 variation is nearly linear, with increasing
pressure it departs considerably from the linear behavior; the largest departure occurs in the vicinity of the
oxygen critical point. The slope of d2(t) was fitted using both a constant and a linear fit, and it was shown that
the linear fit provides a better alternative for correlation purposes. Simulations were also conducted for clusters
of LOX drops in H2 in the range 6 to 40 MPa (reduced pressures of 1.2–8 with respect to pure O2). Parametric
studies of the effect of the thermal diffusion factor value reveal that it is minor at 10 MPa and moderate at 40 MPa,
and that although the Soret term is dominated by the Fick, Dufour, and Fourier terms, it is not negligible. The
influence of a cluster Nusselt number is also shown to be relatively small in the range 103 to 104, consistent with the
supercritical behavior being essentially a diffusive one. All of the results show a nonlinear d2 variation with curves
having a positive curvature independent of the values of the thermal diffusion factor, the Nusselt number or the
LOX/H2 mass ratio. The approximation of a binary size cluster containing relatively a much larger number of small
drops by a monodisperse cluster with a drop size based upon the surface average of the drops in the polydisperse
cluster yields a good evaluation of the thermodynamic quantities in the interstitial drop region but an underestimate
of the lifetime of the drops in the cluster. © 2001 by The Combustion Institute

NOMENCLATURE

A area
AJ coefficient in the transport matrix
Aq coefficient in the transport matrix
BJ coefficient in the transport matrix
Bq coefficient in the transport matrix
Cp heat capacity at constant pressure
Cq coefficient in the transport matrix
D mass diffusion coefficient
e energy
h molar enthalpy
JW molar flux
Le Lewis number
m molar mass
M mass
n molar density

N number of drops
Nu Nusselt number
p pressure
qW heat flux
r radial coordinate
R specific radial position
Ru universal gas constant
S surface
t time
T temperature
u radial velocity
v molar volume
V volume
X molar fraction
Y mass fraction
Z compression factor

Greek Symbols

aBK Bearman–Kirkwood thermal diffusion
factor

*Corresponding author: J. Bellan, California Inst. of Tech-
nology 4800 Oak Grove Dr., MS 125-109, Pasadena, CA
91109. E-mail: josette.bellan@jpl.nasa.gov

COMBUSTION AND FLAME 124:535–550 (2001)
© 2001 by The Combustion Institute 0010-2180/01/$–see front matter
Published by Elsevier Science Inc. PII S0010-2180(01)00217-0



aD mass diffusion factor
ah defined by Eq. 13
aIK Irwing-Kirkwood thermal diffusion

factor
av thermal expansion ratio
g activity coefficient
h viscosity
k isentropic compressibility
l thermal conductivity
r density
t stress tensor
f LOX/H2 mass ratio
Fv viscous dissipation
w fugacity coefficient

Subscripts

c critical
C cluster
d drop
e external
j species
r reduced value; radial direction
s ‘optical’ boundary
a drop size class
1 O2 or LOX

Superscripts

0 initial condition
i interstitial
si sphere of influence

INTRODUCTION

The interest in controlling fluid disintegration,
mixing, and combustion in liquid rocket cham-
bers has led to investigations of liquid oxygen
(LOX) at high pressures, p, and sometimes also
at high temperatures, T. A literature review
including high ( p, T) drop studies appeared in
Givler and Abraham [1], and more recently
Bellan [2] surveyed investigations of drops,
streams, shear and mixing layers, jets and
sprays. Among these studies, most noteworthy
experimental investigations of LOX are those of
Chesnau et al. [3] for single drops, and those of
Krülle and Mayer [4], Mayer and Tamura [5],
Mayer et al. [6, 7], Chehroudi et al. [8, 9],
Ivancic et al. [11], and Oschwald et al. [10]
exploring fluid jet breakup at supercritical pres-

sures such as encountered in liquid rocket com-
bustors. These recent observations of fluid jet
breakup at supercritical pressures have identi-
fied a fluid disintegration mechanism that is
very different from classical atomization. It was
reported that there is a noticeable difference in
the outcome of fluid disintegration according to
the surrounding pressure: whereas in the sub-
critical regime ligaments and drops were easily
observed, in the transcritical regime atomiza-
tion was inhibited. Furthermore, in the super-
critical regime, the ligaments identified at sub-
critical pressures were replaced by thin threads
of fluid extruding from the jet in the near field,
followed by big chunks of irregularly shaped
fluid in the far field. Simple calculations by
Snyder et al. [12] showed that these big chunks
of irregularly shaped fluid are organized in
dense clusters, as the estimated ratio of the
separation distance to the average equivalent-
drop radius (in the estimate, for simplicity, the
spray was assumed to consist of drops) was
approximately 3 to 6. Because previous studies
of drop clusters at subcritical pressures have
revealed the role of polydispersity for liquid
drops [13], the question arises if the same
conclusions apply to fluid chunks or drops at
supercritical pressures. Because the evaporation
of drops at subcritical conditions is governed by
a convective-diffusive process (the governing
convection arises from evaporation), whereas
supercritical drop behavior is governed by a
diffusive process [14, 15], the inference from
one situation to the other may not hold.

Early models of single, isolated drops at high
pressures have been developed by Rosner [16,
17] and by Umemura [18]. More recent models
have been formulated by Jia and Gogos [19, 20],
Delplanque and Sirignano [21], Yang and col-
laborators [22, 23], Daou et al. [24], Umemura
and Shimada [25, 26], and Harstad and Bellan
[14, 15, 27, 28]. Given the variation in the
modeling of the equations of state, the fluid
properties at high pressure and of the definition
of the drop boundary (which in all studies
except [14, 15, 27, 28] is assumed to be a
material surface), and considering the differ-
ences among the predictions of the different
investigations, the only way to gain confidence
in a model’s predictive capabilities is through
validation with data. Such validation was con-
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ducted by Harstad and Bellan [14, 15] using the
microgravity heptane/nitrogen data of Nomura
et al. [29] in absence of combustion; a small part
of the data was used to determine the value of
the thermal diffusion factor (the transport co-
efficient introduced by the Soret and Dufour
terms; see below), and the remaining part of the
data was used to validate the model using the
determined thermal diffusion factor. The com-
parisons covered the entire range of pressures
and temperatures of the data, and given the
difference between the configuration of the
experiments that were conducted with sus-
pended drops and that of the simulations that
were of free floating drops, the agreement was
good. The comparison was made between the
timewise evolution of the observed diameter
squared, d2, and that computed, as well as
between the experimental versus the calculated
maximum slope of these curves. The agreement
was on average within 15% for the slopes of the
curves, whereas the agreement between the d2

profiles was excellent in the low p regime, with
deviations occurring with increased p. These
deviations are consistent with the estimates of
Morin [30] who showed that the suspending
fiber has an increasing influence on the drop
heat up with increasing T and p.

The goal of this study is to investigate the
timewise evolution of d2 both for single, isolated
drops and for drops in polydisperse clusters, at
high pressure conditions. The isolated drop
study covers subcritical to supercritical pres-
sures (with respect to critical pressure of O2)
range and identifies the fluid-drop interaction.
Simulations with clusters of drops are con-
ducted only at supercritical pressures so as to
emulate the general environment of a liquid
rocket combustion chamber. Throughout this
paper, the supercritical regime is defined as that
above either one of the critical pressure or
temperature so as to coincide with the thermo-
dynamic region where a two phase region does
not exist. Furthermore, since the critical values
depend not only upon pressure and tempera-
ture, but also upon composition, supecriticality
is here arbitrarily defined with respect to the O2
critical properties.

The interest in predicting the d2 variation
stems not only from the fact that d2 is generally
the sole information provided from experi-

ments, and therefore, the only quantity that can
be compared, but it is also used in practical,
rocket combustion codes where it is assumed to
have the linear time decay typical of subcritical
behavior (the d2-law). The question that arises
then is if d2 indeed varies linearly with time for
LOX drops in hydrogen at high pressure condi-
tions. This question will be answered below both
for isolated drops and for drops belonging to
polydisperse clusters. The study on polydisper-
sity effects is conducted by taking as an example
a cluster having a binary size distribution. Al-
though studies of high pressure drop interac-
tions exist (Jiang and Chiang [31–33], and Har-
stad and Bellan [34]), they are currently limited
to monodisperse clusters of drops and it is
uncertain if polydispersity effects are important
at high pressures. Below we briefly explain a
model of supercritical-fluid individual-drop be-
havior that has been documented in detail else-
where [14, 15], recall the single drop conserva-
tion equations and only highlight specific
aspects of the boundary conditions. Then, we
present the drop cluster equations for a polydis-
perse cluster, extending our previous monodis-
perse study [34]. When analyzing the results, we
first focus on isolated drops and then discuss the
effect of polydispersity. For polydisperse clus-
ters, we begin by discussing results directed at
understanding the effect of two parameters
whose value is relatively uncertain, namely that
of the thermal diffusion factor for the O2 2 H2
system and of the effective cluster Nusselt num-
ber. Further, we investigate the effects of the far
field pressure and that of the drop to surround-
ing fluid mass ratio, and finally explore the merit
of the monodisperse approximation.

MODEL

The fluid drop model is based upon Keizer’s
fluctuation-dissipation (FD) theory [35], which
has the distinct advantage of formally account-
ing for nonequilibrium processes as well as
naturally relating fluxes and forces for a general
fluid by providing the form of the flux matrix, a
form that continuum theory does not provide.
Indeed, it is customary within the continuum
formulation to extend, without a firm justifica-
tion, the kinetic theory of rarified gases to
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describe the fluxes for more general cases. The
viewpoint of fluctuation-dissipation theory is
intermediate to that of continuum and molecu-
lar-level approaches and allows the modeling of
transport processes totally consistent with non-
equilibrium thermodynamics [36]. Furthermore,
although of only academic relevance herein, in
the low pressure limit the FD theory is consis-
tent with kinetic theory [37]. The main result of
the FD theory is the form of the transport
matrix which now includes two terms for each of
the molar and heat fluxes; the molar flux is the
sum of Fickian terms and the Soret term,
whereas the heat flux term is the sum of the
Fourier term and the Dufour term. A detailed
description of the model can be found in [27]
and [15], and will not be repeated here. This
model has been exercised with accurate equa-
tions of state [38], accurate transport properties
[27], and appropriate boundary conditions [14,
15, 27] without any assumption regarding phase
equilibrium or existence of a drop material
surface. Validation of the single drop model for
a binary mixture [14, 15] included the finding of
the only unknown transport coefficient, the
thermal diffusion factor, from comparison with
part of the data. Here the model is exercised in
the context of O2/H2 with values of the thermal
diffusion factor inferred from the list in [37],
and a sensitivity study is conducted in the con-
text of fluid drop clusters.

Single Drop Conservation Equations

The single drop conservation equations are
simply recalled, and the reader is referred for
the detailed derivation to [15]. These conserva-
tion equations, in spherical geometry, pertain to
the entire field, 0 # r # Rsi, not only to the
drop. Here r is the radial coordinate and Rsi is
the location of the far field boundary which
must be specified for single drop calculations.
The conservation equations are:

-Continuity

­r

­t
1

1
r2

­~r2ru!

­r
5 0 (1)

where r is the mass density, u is the radial
velocity, and t is the time.

-Momentum conservation

­~ru!

­t
1

1
r2

­~r2ruu!

­r
1

­p
­r

5
­trr

­r
1

3trr

r
(2)

where trr 5 (4/3)h[­u/­r 2 u/r] is the stress
tensor and h is the mixture viscosity.

-Species conservation

r
DYj

Dt
5 2mj¹ z JWj (3)

where Yj is the mass fraction of species j, JWj is
the molar flux, mj is the molar mass of species j,
and D/Dt [ ­/­t 1 u(­/­r).

-Energy equation

nCp

DT
Dt

5 avT
Dp
Dt

2 ¹ z qW 1 Fv 1 O
j

N

hj¹ z JWj

(4)

where n is the molar density, qW is the heat flux,
Cp is the mixture molar heat capacity at con-
stant pressure, hj 5 (­h/­Xj)p,XlÞj

is the partial
molar enthalpy of species j where Xj is the
molar fraction of species j, av 5 [(­v/­T)p,Xj

]/v
is the thermal expansion ratio with v being the
molar volume, and Fv 5 (4/3)h[­u/­r 2 u/r]2

is the viscous dissipation. For a binary mixture
(subscripts 1 and 2) the radial fluxes are

2J1r 5 AJ

­Y1

­r
1 BJ

­T
­r

1 CJ

­p
­r

(5)

2qr 5 Aq

­T
­r

1 Cq

­Y1

­r
1 Bq

­p
­r

with the coefficients

AJ 5 ~m/m1!nDaD (6)

BJ 5 ~m2/m!nDX1X2~aIK 2 ah!/T (7)

CJ 5 ~m2/m!nD~m1m2X1X2/m!

z ~v1/m1 2 v2/m2!/~RuT! (8)

Aq 5 l 1 ~aIK 2 ah!aIKRunDX1X2 (9)

Cq 5 @m2/~m1m2!#nDaDaIKRuT (10)

Bq 5 nDaIK~m1m2X1X2/m!~v1/m1 2 v2/m2!

(11)

where m 5 X1m1 1 X2m2 is the mixture molar
mass, vj is the partial molar volume, Ru is the
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universal gas constant, l is the thermal conduc-
tivity, aIK is the Irving–Kirkwood thermal diffu-
sion factor [39], and D is the mixture diffusivity.

According to the Gibbs-Duhem relationship,
the mass diffusion factor, aD 5 aD11 5 aD22 5
2aD12 5 2aD21 and from thermodynamics

aD 5 1 1 X1­ ln g1/­X1 (12)

where g1 [ w1/w1
o is the activity coefficient and

w is the fugacity coefficient with the superscript
o denoting the pure (X1 5 1) limit. It was
shown by Harstad and Bellan [14, 15] that the
Bearman–Kirkwood thermal diffusion factor,
aBK, and aIK, derived from connected forms of
the heat flux [39], are related by

aBK 5 aIK 2 ah, ah ; ~m1m2/m!

z ~h1/m1 2 h2/m2!/~RuT!. (13)

In the above derivation (c.f. Eq. 6), it has been
carefully ensured that the expression for the
thermal conductivity converges to the kinetic
value in the low pressure limit [14, 15], and thus
its value is indeed that tabulated or calculated
through corresponding states procedures [40].

To close the system of equations, equations of
state (EOSs) were coupled to the above system
of differential equations. The EOSs used in
conjunction with the conservation statements
were the real gas EOSs derived in [38].

The boundary conditions were discussed in
detail in Harstad and Bellan [14, 15], and the
reader is referred to those publications for
details. We distinguish between the Lagrangian
location of the initial drop boundary, Rd

0, which
is followed in time, Rd(t), and the location of
the ‘optical’ drop boundary, Rs(t), which is also
followed in time. The important concept to be
retained is that we do not assume the existence
of a material interface in the region 0 # r #
Rsi. If such an interface exists at any time, it is
totally consistent with our definition whereby
the drop boundary (not necessarily an interface)
is identified to be at the location of the largest
density gradient, r 5 Rs; this is relevant to
optical observations which identify changes in
the index of refraction. Furthermore, no as-
sumption is made regarding phase equilibrium
at that boundary, or anywhere else in the com-
putational domain.

The numerical method was also explained in
detail elsewhere [15], and thus will not be
repeated.

Conservation Equations for a Polydisperse
Cluster

The configuration is that of a spherical cluster
of volume VC, boundary area AC and radius RC

containing N spherical LOX fluid drops im-
mersed in quiescent H2 with far field surround-
ings denoted by the subscript “e”. The N drops
are partitioned into K size classes denoted by a
and there are Na drops in each size class with
N 5 ¥a51

a5K Na. We assume that the interstitial
region between drops is uniform and quiescent
with respect to the cluster, the implication being
that we address only average properties of the
fluid in the interstitial region. With these defi-
nitions, we generalize the monodisperse formu-
lation presented in Harstad and Bellan [34] to
the situation of a polydisperse cluster of fluid
drops. As in [34], we define a ‘sphere of influ-
ence’ around each drop that is centered at the
drop center and has a radius, Rsi (superscript
“si” refers here to the sphere of influence). The
value of Rsi is one half of the mean distance
between adjacent drops, or less, and is found
from the condition that the spheres of influence
must be tightly packed (in contrast with the
isolated drop simulations where Rsi,0 is speci-
fied, here it is calculated). The Lagrangian value
of Rsi for each size class is Ra and its corre-
sponding volume, Va, which contains the drop
and its surrounding fluid has by definition a
fixed mass; this means that the Va boundary is a
function of time to accommodate the change in
density due to heating. The volume of the
interstitial region of the cluster is Vi 5 VC 2
¥a51

a5K NaVa and it is in this volume that the
conservation equations are stated below in a
Lagrangian frame; the superscript i refers to the
values in the interstitial region. These are con-
servation of mass, species j, and energy ei 5
hi/mi 2 pi/ri:

dri/dt 5 0, drj
i/dt 5 2mj¹ z Jj

iW,

d~riei!/dt 5 2¹ z qiW (14)
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all in Vi. Integrating the conservation equations
in Vi yields

d
dtSE

Vi

ri dViD 5 0,

d
dtSE

Vi

rj
i dViD 5 2E

Si

mjJj
iW z dAW ,

d
dt FE

Vi

~ri/hi/mi 2 pi! dViG 5 2E
Si

qiW z dAW (15)

where A is the area of Vi’s boundary, Si, and we
account for the null relative velocity with re-
spect to Si. The first equation of Eqs. 15 has a
simple integral Vi(t) 5 Mi/ri where Mi is the
constant mass in Vi. The species and heat
contributions to Vi arise both from the interac-
tion of the cluster with its surroundings through
fluxes of species and heat across the cluster’s
external boundary and from the interaction of
Vi with all drops. Thus, the second and third
equations in Eq. 15 become

dYj
i

dt
5

mj

Mi S JjeAC 2 O
a51

a5K

NaJj,aAaD ,

d
dt

~hi/mi 2 pe/r
i! 5

1
Mi SqeAC 2 O

a51

a5K

NaqaAaD
(16)

where Yj
i is the interstitial mass fraction of

species j and Aa is the boundary of Va. The
second equation in Eq. 16 can be transformed
through thermodynamic relationships for a bi-
nary mixture into an equation for the interstitial
temperature Ti

C̃V

dTi

dt
5

1
Mi F ~qe 2 m1h̃J1e! AC

2 O
a51

a5K

Na~qa 2 m1h̃J1,a! AaG
2 k̃s

pe

ri

dpe

dt
(17)

with

C̃V ; Cp
i /mi 2 av

i pe/r
i,

k̃s ; ks
i 2 C̃Vmiav

i Ti/~ peCp
i !,

h̃ ; ~h1
i /m1 2 h2

i /m2! 2 pe~v1
i /m1 2 v2

i /m2!,

where Cp
i , av

i , ks
i , hj

i, and vj
i are the molar heat

capacity, the thermal expansion ratio, the isen-
tropic compressibility, the partial molar en-
thalpy and the partial molar volume of species j,
all in Vi. The values of J1,a and qa are calculated
at the edge of the sphere of influence for each
size class according to the model of [27]. Fluxes
J1e and qe are calculated according to a formal-
ism introduced in [27] as

J1e 5 AJ
i~­Y1/­r!r5e 1 BJ

i~­T/­r!r5e,

qe 5 Aq
i ~­T/­r!r5e 1 Cq

i ~­Y1/­r!r5e

(18)

where j 5 1 refers to LOX, r is the direction
normal to the cluster boundary enclosing VC

and paralleling the isolated drop model

AJ
i 5 ~ri/m1! DiaD

i ,

BJ
i 5 ~m2/mi!niDiX1

i X2
i aBK

i /Ti
(19)

Aq
i 5 li 1 aBK

i aIK
i RuniDiX1

i X2
i ,

Cq
i 5 @miri/~m1m2!#DiaD

i aIK
i RuTi

(20)

where ni, Di, li, Xj
i, and aD

i are calculated in Vi.
The pressure gradient terms have been ne-
glected in Eq. 18 since the Mach number being
,,1, they have been found negligible. Similarly
to the isolated drop model, the two forms of the
thermal diffusion factor are

aBK
i 5 aIK

i 2 ah
i ,

ah
i ; ~m1m2/mi!~h1

i /m1 2 h2
i /m2!/~RuTi!.

(21)

Also,

aD
i 5 aD11

i 5 1 1 X1
i ­ ln g1

i /­X1
i . (22)

At the boundary of the spherical cluster we
approximate the gradients by a difference
across an external length scale re

~­Y1/­r!r5e 5 ~Y1e 2 Y1
i !/re,

~­T/­r!r5e 5 ~Te 2 Ti!/re

(23)
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which may be related to what is equivalent to a
Nusselt number, NuC, through re 5 RC/NuC

because it is the characteristic distance over
which transport occurs at the cluster boundary.
Here, NuC is a parameter whose value is pre-
scribed and whose influence will be studied.

Replacing Eqs. 19 and 20 into Eq. 18 yields

~qe 2 m1h̃J1e! AC 5 @3VC/~4p!#1/34pNuC

z @~ Aq
i 2m1h̃BJ

i!~Te2Ti!

1 ~Cq
i 2 m1h̃AJ

i!~Y1e 2 Y1
i !#

(24)

J1eAC 5 @3VC/~4p!#1/34pNuC@AJ
i~Y1e 2 Y1

i !

1 BJ
i~Te 2 Ti!# (25)

which provides the necessary information for
Eqs. 16 and 17.

The drop model for each size class used in
conjunction with the interstitial equations is the
same as that for single drops, as is the numerical
method.

The system of equations for the interstitial
region is closed by the addition of the real gas
EOSs derived in [38], with unknowns Ti and Y1

i

since ri is determined by the EOS. Once ri is
known, Vi and VC are calculated. During each
time step, the total differential Eqs. 16 and 17
are solved using a second order predictor-cor-
rector method as described in [27].

RESULTS

Isolated-drop simulations were performed for
both subcritical and supercritical pressures (for
O2: Tc 5 154.6 K, pc 5 5.043 MPa; for H2:
Tc 5 33.2 K, pc 5 1.313 MPa); however, drop
cluster simulations were conducted only for
pressures above pc for O2 so as to simulate a
range of conditions pertinent to liquid rocket
combustion chambers. The viscosity and ther-
mal conductivity were calculated using conven-
tional mixing rules where the individual species
properties were calculated as in [27]. The mass
diffusivity calculation over a large range of
pressures and temperatures is also described in
[27]; with this model, the diffusivity values con-
verge to the respective liquid and gas ones in the
proper limits. An O2/H2 thermal diffusion fac-

tor value is listed in [37] at one temperature,
and adopted here as the baseline; to understand
the impact of the chosen value, a sensitivity
study is conducted in the context of drop clus-
ters. The value listed [37] being that of aBK

(since it is aBK that converges at low pressure to
the kinetic theory limit), it is this parameter
which is here varied over the listed range.

Isolated Drops

In all single drop calculations aBK 5 0.2. All
simulations were performed for an initial drop
radius Rd

0 5 5 3 1023 cm and Td
0 5 120 K. The

far field conditions are located at Rsi,0 5 0.1 cm
where there is only pure H2 and the tempera-
ture is 1000 K. Several simulations were con-
ducted for pressures of 1.5, 3, 6, 10, and 20 MPa
(reduced pressure of 0.3, 0.6, 1.2, 2, and 4 with
respect to the pc of O2). To avoid an initial
unphysical discontinuity, a minute amount of
O2 exists initially in the drop surroundings, its
distribution vanishing with increasing r. There-
fore, although the fluid drop temperature and
outer fluid composition are assumed initially
nominally uniform, a set of computational ini-
tial conditions (i.e., spatial profiles of the vari-
ables) are calculated for each simulation by
satisfying the nominal initial conditions at the
domain boundaries and the boundary condi-
tions at Rd. In practice this is achieved by
choosing target values for

hY ; SdY
dr D r5Rd

Rd
0

~1 2 er!@Ye
0 2 Y0~Rd

0!#
and

hT ; SdT
dr D r5Rd

Rd
0

~1 2 er!@Te
0 2 T0~Rd

0!#
(26)

where er [ Rd
0/Re

0 ,, 1, and iterate on the
values of hY, hT and the dependent variables at
the boundary [Y1

0(Rd
0), T0(Rd

0) and the rate of
oxygen emission from the drop] until conver-
gence is achieved or until a minimal deviation
from the targets is obtained.

These simulations were performed on a dual
processor 300 MHz personal computer and
typical run times were 1 to 2 h.

Results illustrating the Rs
2 variation with t and

the corresponding slope of these curves are
presented in Figs. 1a and 1b, respectively. As
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explained in the Model section, the value of Rs

is chosen to be that of the maximum density
gradient location such as to be relevant to
optical observations and to the identification of
the phase change surface at subcritical pres-
sures. The plotted values of Rs

2 are at discrete
intervals that would correspond to several hun-
dred of time steps. Moreover, because it is only
the potentially linear part of the curve that is of
interest, the initial results pertaining to the heat
up time have been removed from the plot,
explaining why the curves do not all start at the
same ordinate; that is, early time output points
which could not be incorporated into a polyno-
mial fit, representing transients due to initial
conditions, are not shown. Displayed in Fig. 1a
are both the output points values as symbols,
and nth order polynomial fits as curves repre-
senting the best fit of the output points for each
of the runs. As it turns out, best fits were
obtained with 4th, 5th, 2nd, 4th, and 5th order
Chebychev polynomials, as pressure increases.
The fitted curves appear to be almost linear,
despite the lack of any assumption that may lead
to such behavior. Depicted in Fig. 1b is the
value of the slope of all curves displayed in Fig.
1a; for subcritical pressures, this slope is the
evaporation constant, K, characterizing the clas-
sical d2-law. As expected, at 1.5 MPa the value
of K is nearly constant, following closely the
d2-law behavior. However, K is not strictly
constant, in agreement with our results [14, 15]
for heptane drops in nitrogen showing that

departures from the linear behavior of d2 with t
occur even for pressures slightly in excess of
atmospheric. For larger pressures, departures
from the linear d2 behavior are evident, with the
largest departure occurring around the O2 crit-
ical point where K cannot be considered con-
stant even for a limited time range. In agree-
ment with the experimental results of Nomura
et al. [29] and Sato [41] obtained with heptane
drops in nitrogen, K has a nonmonotonic vari-
ation with pressure, first increasing, then de-
creasing around the critical point, and finally
increasing again to reach an almost asymptotic
behavior. Both Nomura et al. [29] and Sato [41]
found this nonmonotonic behavior in examining
their data, and Sato [41] found a maximum of
the drop lifetime (i.e., a minimum in the value
of K) in the vicinity of the critical pressure
(supercritical side) of the pure species, similar
to the present predictions.

The lack of consistent linear variation of Rs
2

with t raises the question of a possibly different,
but nevertheless still simple variation in Rs

2(t)
that could be incorporated into rocket combus-
tor design codes to enhance the realism of their
predictions. Depicted in Fig. 2 are two such
possibilities: lines represent first order Cheby-
chev polynomial fits of Rs

2 which by design yield
a constant K, whereas symbols represent second
order Chebychev polynomial fits of Rs

2 giving
the possibility of a linear K(t) variation. Except
for the lower, subcritical pressures, and for the
largest pressure of the simulations, the linear

Fig. 1. (1a) Variation of Rs
2 with t for isolated drops. The simulations correspond to the runs listed in Table 1. Symbols

correspond to values obtained at the output points, whereas the curves correspond to an nth order, best polynomial fit. 1.5
MPa: simulation output ■, 4th order polynomial fit (—); 3 MPa: simulation output Œ, 5th order polynomial fit (- - - -); 6 MPa:
simulation output �, 2nd order polynomial fit (– z– z –); 10 MPa: simulation output ‹, 4th order polynomial fit (z z z z); 20 MPa:
simulation output F, 5th order polynomial fit (— —). (1b) Variation of the slope of the fitted Rs

2(t), K, with time. 1.5 MPa
(—); 3 MPa (- - - -); 6 MPa (– z – z –); 10 MPa (z z z z); 20 MPa (— —).

542 K. HARSTAD AND J. BELLAN



K(t) differs considerably from the value of the
constant K. Although the exact variation with
pressure of the departure of K from a constant
value might change according to the initial
temperature of the LOX drop and of H2, as
well as according to the drop size, it is clear that
the d2 variation is not generally linear for
isolated LOX drops in H2. Such an assumption
might lead to erroneous results and should be
reconsidered.

Also important is the observation that, com-
pared with the C7H16/N2 behavior described in
[14] and [15], here the d2-law estimate of the
drop lifetime based upon the value of the Rs

2

slope at the end of the heat up period would
moderately underestimate the drop lifetime (ex-
cept at 10 MPa), whereas in our previous iso-
lated drop study [14, 15] it was shown to con-
siderably overestimate the drop lifetime. It is
clear that this aspect is species dependent, and
caution should be exercised in inferring conclu-
sions from one binary species system to another.

Clusters of Drops

Simulations using the above set of equations
were performed for an extensive range of pa-
rameters but only a subset is discussed here and
is listed in Table 1; the reduced pressure, pr,
listed in the table is calculated with respect of
the pc of O2. Similar to the single drop studies,
the initial drop and far field temperature were
120 K and 1,000 K, respectively. The initial
conditions were calculated in the same manner

as for the single drops, from the nominal initial
conditions in the interstitial region. These inter-
stitial region values initially coincide with the
specified external far field values: Te, Y1e, and
pe. From the initial LOX to H2 mass ratio, f0,
the initial cluster radius, RC

0 , the specified initial
drop sizes, Rd,a

0 , and the relative (to N) drop
number, Rsi,0 as well as the number of drops of
each size class was calculated. The present study
considers binary sizes of drops and the initial
drop size in the monodisperse cluster is calcu-
lated by an area and drop number averaging,
(Rd

0)2 5 [(Rd,1
0 )2N1 1 (Rd,2

0 )2N2]/N. For all
present binary size simulations Rd,1

0 5 4 3
1023 cm, Rd,2

0 5 6 3 1023 cm, and N1/N2 5
20; therefore, for the monodisperse run Rd

0 5
4.12 3 1023 cm. Because size Class 1 and the
monodisperse drops have essentially the same
initial size, comparisons of the fate of these
drops during otherwise similar initial conditions
simulations should provide the result of includ-
ing a small number of large drops in the cluster.

Depending on the initial conditions, runs on
the dual processor 300 MHz personal computer
typically lasted 2 to 3 hs, simulating an extended
physical time up to 0.2 s or 0.25 s. Examination
of the results showed that all profiles were
already well relaxed by 1022 s, and therefore, we
will focus the discussion of the results on the
time during which a density gradient is easily

Fig. 2. Fitted values of K. The lines represent first order,
and symbols represent second order Chebychev polynomial
fits of Rs

2 output points. 1.5 MPa: (—), ■; 3 MPa: (- - - -), Œ;
6 MPa: (– z – z –), �; 10 MPa: (z z z z), ‹; 20 MPa: (— —), F.

TABLE 1

List of Simulations Discussed

Run
p,

MPa pr aBK f0 NuC

d6a 6 1.2 0.2 8 103

d10a 10 2.0 0.2 8 103

d20a 20 4.0 0.2 8 103

d40a 40 8.0 0.2 8 103

d10b 10 2.0 0.5 8 103

d20b 20 4.0 0.5 8 103

d40b 40 8.0 0.5 8 103

d20c 20 4.0 0.5 4 103

d20d 20 4.0 0.5 12 103

d20e 20 4.0 0.2 8 104

s20 20 4.0 0.5 8 103

Names starting with “d” are for binary size clusters and
those starting with “s” for single size. The drop’s initial
temperature was 120 K and the far field temperature was
1,000 K in all simulations. The cluster radius was 1.25 cm in
all calculations.
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identifiable, enabling the ‘optical’ definition of a
drop. This definition of the drop does not enter
the calculations since the same equations are
solved in the entire domain of the sphere of
influence including the drop [14, 15, 27]; it is
only used for potential comparisons with exper-
iments, or for the purpose of identifying simple
time variations.

Effect of the Thermal Diffusion Factor
Magnitude and of NuC

Although for C7H16/N2 we determined the
approximate values of aBK from comparison
with data [14, 15], considering that these values
are not usually known, we documented in a
previous investigation [42] the effect of aBK and
aIK in the context of a C7H16/N2 shear layer.
We determined that at fixed pressure aBK influ-
ences the mixing, being directly related to the
molar flux, and aIK influences entrainment
through its direct relationship to the heat flux
cross term thereby influencing the enthalpy,
temperature and density profile. Because these
conclusions are dependent on the values of the
thermodynamic function ah, a similar study was
conducted for LOX/H2 at 20 MPa; additionally,
here we also focus on the effect of the value of
aBK at different pressures: 10, 20, and 40 MPa.
Simulations are performed for aBK 5 0.2 and
0.5 (Table 1).

Figure 3 plots are of aD¹Y1 and equivalent
terms proportional to ¹T in the drop sphere of
influence at 5 3 1023 s, all being calculated
from the numerical solution output of the equa-
tions, thus explaining the low level fluctuations
due to gradients computed on a grid. The
plotted quantities are:

Mass flux and Dufour term

aD¹Y1 (27)

Soret term

Y1Y2aBK

¹T
T

(28)

Fourier term

FY1Y2aBK 1
Cp

Ru

Le
~ah 1 aBK!

m1m2

m2 G ¹T
T

(29)

where Le 5 l/(rCpD). The results of Fig. 3a
show that the mass flux and Fourier terms
dominate the Soret term, but that this latter is
not negligible and becomes progressively more
important with increasing pressure as shown in
Fig. 3b. Figure 3b intentionally illustrates results
at a very high pressure so as to emphasize the
increasing influence of the value aBK with p;
however, the actual value of aBK affects mainly
the Soret term, in agreement with the results
from our previous study [42]. Because the Soret
term plays only a moderate role in the range of
pressures investigated (10–40 MPa), we con-
clude that lack of knowledge of its exact value
will have only a moderate influence on the
quantitative (and certainly none on the qualita-
tive) accuracy of the results. The same findings
prevail at fixed time for the larger size class (Fig.
3c and 3d). For both size classes the mass
gradient effect is stronger and the Fourier effect
is weaker at larger pe, this being explained by
the faster drop temperature profile relaxation.
Fourier terms reach maximal magnitude closer
to the drop ‘optical’ boundary than Dufour
terms, and the former increase whereas the
latter diminish with decreasing aBK; thus the
overall variation of the heat flux is not obvious.
However, plots of the heat flux (not shown)
display a reduced heat flux at the edge of the
sphere of influence for smaller aBK, consistent
with the higher Ti and smaller ri (not shown),
with a consequent increase in RC and a reduc-
tion in the drop number density; the effects are
negligible at 10 MPa, but increase with pe. As
for Ti, Yi, and ri at fixed pe, they are not
affected by aBK because this is a region of
uniformity; in fact the magnitude of Ti, Yi, and
ri is dominated by the value of NuC (not
shown).

The influence of NuC on a cluster of drops
has been documented before [34] and it has
been shown that as it increases the cluster
expands more rapidly due to increased heat
transfer from the far field; however, no conclu-
sions were presented regarding dependence of
the d2 variation upon the value of NuC. Figure
3e documents the influence of the Nu magni-
tude on the present predictions and shows con-
sistently the same increase in the magnitude of
fluxes and the enlargement of the sphere of
influence as in [34]. Figure 4a illustrates the
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optical drop area, As, calculated using the loca-
tion of the maximum density gradient and shows
that the d2-law is not followed as the curves
have definite positive curvatures. However, with
increasing NuC the drops diminish faster, and
d2 has a more nearly linear variation. It should
be recalled that the d2-law results from a quasi-

steady solution and portrays physics which is
different from that of supercritical behavior,
and therefore, there is no reason to expect it to
hold in this regime.

Illustrated in Fig. 4b is the corresponding
variation as a function of pe of the difference,
A*, between As and a linear function of t [i.e.,

Fig. 3. Characteristic gradient terms for the mass, Soret and Fourier contributions (the mass term is the Dufour term in the
heat flux) at t 5 5 3 1023 s. (3a): gradients for fixed aBK as a function of p for Rd,1;. (3b): gradients at fixed p as a function
of aBK for Rd,1; (3c): gradients for fixed aBK as a function of p for Rd,2; (3d): gradients at fixed p as a function of aBK for
Rd,1. For 3a–3d: mass gradient term 10 MPa, aBK 5 0.2 (—); 40 MPa, aBK 5 0.2 (—■—); 40 MPa, aBK 5 0.5 (z z z z); Soret
term 10 MPa, aBK 5 0.2 (- - - -); 40 MPa, aBK 5 0.2 (- - ■ - -); 40 MPa, aBK 5 0.5 (— —); Fourier term 10 MPa, aBK 5
0.2 (– z – z –); 40 MPa, aBK 5 0.2 (– z ■ – z –); 40 MPa, aBK 5 0.5 (– z z – z z –). (3e) 20 MPa results: mass gradient term Nu 5
103 (—), Nu 5 104 (—■—); Soret term Nu 5 103 (- - - -), Nu 5 104 (- - ■ - -); Fourier term Nu 5 103 (– z – z –), Nu 5 104

(– z ■ – z –).
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2 3 1024(1 2 t/5.5 3 1023)] whose ordinate
at t 5 0 approximately corresponds to the initial
value of the drop area and whose slope is equal
to the average slope of the As curves. Therefore,
this plot emphasizes both the difference be-
tween the results for different values of pe and
the possible departures from a linear variation
with t. Similar to previous results with
C7H16/N2 [14, 15], and to the isolated LOX/H2
findings above, even after the initial heat up
time during which the drop may sometimes grow
in size, the d2-law is not followed, and this conclu-
sion is independent of the aBK magnitude.

The general conclusions are that ¹Y terms
increase and ¹T terms decrease as either pe or
aBK increase, with the ¹T terms being larger for
the smaller drops at the smallest pe. However,
all gradient terms increase with NuC. The re-
sulting As relaxes faster with either increasing pe

or NuC, or with decreasing aBK.

Aspects of Polydispersity

Smaller Versus Larger Drops Behavior. Illus-
trated in Fig. 5 is As for 6, 10, 20 and 40 MPa
with aBK 5 0.2. Clearly, the drop size decreases
faster with increasing pressure, however there
seems to be a much greater differentiation
between the situation at 6 MPa, which is near
the oxygen critical point and the other pressures
which are far from the critical point. This find-
ing supports the hydrocarbon/N2 observations
of Nomura et al. [29] and of Sato [41] that the
drop lifetime decreases with pressure in the
supercritical regime. Moreover, we find that the
lifetime of the small drops is considerably

shorter, consistent with the quicker temperature
rise in the sphere of influence, and consequent
higher relaxation rate of the density in the same
region (not shown); however, the rate of disap-
pearance of the two drop sizes is similar. It
should be realized that the physics of drop
disappearance is here quite different from that
in the subcritical regime where evaporation and
convective-diffusive processes were governing;
in contrast, in the supercritical regime the gov-
erning phenomenon is only that of diffusion [14,
15], and the rate of oxygen emitted from the
drop is null. The local departures from smooth
behavior occurring at 6 MPa for the larger
drops are attributable to the sparse nature of
the output points and to the enlarged scale of
the graph, as a smooth variation appears when
plotted over their entire lifetime.

Fig. 4. (a) Time variation of the drop area for Runs d20a [Rd,1 (—); Rd,2 (- - - -)]; d20b [Rd,1 (– z – z –); Rd,2 (z z z z)]; d20e [Rd,1

(— —); Rd,2 (– z z – z z –)]; (b) Time variation of the difference between the drop area and the linear function of t [2 3
1024(1 2 t/5.5 3 1023)] for Runs d10a (—); d20a (- - - -); d40a (– z – z –); d10b (z z z z); d20b (— —); d40b (– z z – z z –) for Rd,1.

Fig. 5. Time variation of the drop area corresponding to
Runs d6a [Rd,1 (—); Rd,2 (—F—]; d10a [Rd,1 (- - - -); Rd,2

(- -F - -)]; d20a [Rd,1 (– z – z –); Rd,2 (– zF– z –)]; d40a [Rd,1

(— —); Rd,2 (—F—)].
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Monodisperse Versus Polydisperse Clusters.
To examine the effect of polydispersity under
supercritical conditions we compared 20 MPa
results from a monodisperse cluster of drops of
4.12 3 1023 cm initial radius with those from
the two size classes in the binary size cluster.
Depicted in Fig. 6 is As for these three drop
sizes. In a binary size cluster under subcritical
conditions, the smaller size class would disap-
pear faster than similar size drops in a mono-
disperse cluster because in the former situation
the total mass in the smaller drops is lower with
consequent reduced latent heat requirement.
Under supercritical conditions we also find that
the smaller drops in a binary size cluster with a
large N1/N2 disappear faster than similar size
drops in a monodisperse cluster, although it is
no longer due to evaporative processes; instead,
due to their smaller size these drops heat up
faster inducing a correspondingly faster relax-
ation of the density. However, the larger size
drops persist well after the smaller drops disap-
pear, and therefore, when approximating a poly-
disperse cluster of drops by a monodisperse
one, although reproducing well the cluster
growth and the interstitial variables values (not
shown), one underestimates the cluster lifetime
(time when the density gradient is totally re-
laxed).

Effect of the LOX/H2 Initial Mass Ratio. To
explore the influence of the LOX/H2 initial
mass ratio, f0, we conducted simulations with
f0 5 4, 8, and 12 (initial values of Rsi are 1.53 3
1022 cm, 1.19 3 1022 cm and 1.03 3 1022 cm,
respectively) at 20 MPa, and the resulting As is
displayed in Fig. 7. Consistent with mass diffu-

sional processes in the presence of heat transfer,
the drop lifetime is larger with increasing f0;
however, the new result is the increased depar-
ture from the d2-law behavior with increasing
f0. Indeed, when fluid is heated it will expand
and the result will be a reduction in the magni-
tude of gradients as well as in that of fluxes. The
extended drop lifetime is attributed to the de-
creased magnitude of the heat and mass fluxes
(not shown). The increased departure from a
linear d2 variation with increased lifetime that
occurs for larger f0 is consistent with that of the
NuC effect in that with decreasing drop lifetime
d2 assumes a variation close to linear.

Departures From the Ideal Mixture and Perfect
Gas Conditions. Previous studies of the
C7H16/N2 system [15, 42] have identified con-
siderable departures from the ideal mixture
(aD 5 1), perfect gas (Z 5 pv/(RuT) 5 1)
situation. Plots of aD displayed in Fig. 8a indeed
portray mixtures that are initially highly non-
ideal, tending, as expected, towards ideality as
the drops disappear. Radial profiles, such as
those in Fig. 8a, always display a minimum at
the drop ‘optical’ boundary showing that it is
there that the mixture is closer to the critical
point (aD 5 0); values as low as aD 5 0.2 are
encountered for 6 MPa. Smaller drops have
smaller aD’s, indicating that they may be more
prone to reaching critical conditions at the
boundary. Evaluations of Z shown in Fig. 8b
illustrate the difference between the state of the
drop compared to a liquid: Z ; 0.2 at 6 MPa on
the LOX side of the boundary, indicating that
the drop is neither a liquid (Z ,, 1) nor an
ideal gas (Z 5 1); however, the state of the

Fig. 6. Time variation of the drop area corresponding to
Runs d20b [Rd,1 (—); Rd,2 (- - - -)] and s20 (– z – z –).

Fig. 7. Time variation of the drop area corresponding to
Rd,1 in Runs d20c (— —); d20b (- - - -); and d20d (– z – z –).
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drop’s surrounding at 6 MPa is essentially that
of an ideal gas. With increasing pressure Z
increases as well, reaching at 40 MPa values in
excess of 1 in both sides of the drop boundary,
the value in the initially H2 side being always
larger.

CONCLUSIONS

A validated model for isolated fluid drops has
been exercised for isolated LOX drops in H2 at
subcritical and supercritical pressures in order
to elucidate the d2 variation as a function of
pressure. The formulation includes accurate
equations of state, and accurate definitions and
values of the transport properties. Validation of
the isolated drop model for C7H16 drops in N2
required using part of the data for evaluating
the thermal diffusion factor for C7H16 drops in
N2 and the experimental validation of the
present results would also depend upon finding
the correct values of the O2/H2 thermal diffu-
sion factor. Because a similar data set was not
available here, we used as a guideline the low
pressure thermal diffusion factor value for O2 in
H2 and further examined the influence of its
value in the context of drop clusters.

The isolated drop results show that while in
the low pressure subcritical regime the d2 vari-
ation is nearly linear, with increasing pressure
there are considerable departures from linear-
ity. Constant and linear fits of the d2(t) slope,
which at subcritical pressures is the evaporation
constant, showed that the assumption of it being

constant may be in substantial error. The linear
fits exhibited both increasing and decreasing
trends, indicating that d2(t) may have either
positive or negative curvatures, according to the
pressure. Since for isolated C7H16 drops in N2

we found consistently a negative curvature, we
conclude that the curvature is species depen-
dent.

Conservation equations describing a polydis-
perse fluid-drop cluster behavior under quies-
cent far field conditions have been derived and
exercised for LOX drops in H2 at supercritical
pressures. Comparisons of characteristic gradi-
ent terms for two values of the thermal diffusion
factor showed, consistently with other previous
results, that the thermal diffusion factor influ-
ences mostly the Soret term. This latter, al-
though not negligible, was shown to be domi-
nated both by the mass gradient term (Fick’s or
Dufour) and by the Fourier term. An increase
by a factor of 2.5 in the thermal diffusion factor
was shown to yield only modest changes in the
Dufour and Soret terms. In fact, the interstitial
thermodynamic quantities are insensitive to the
value of the thermal diffusion factor up to 40
MPa where a modest sensitivity is apparent.
What controls the magnitude of the interstitial
quantities is the value of the cluster Nusselt
number; however, an order of magnitude in-
crease in the Nusselt number reduces the drop
disappearance time only by a small fraction,
thus reflecting the diffusive nature (large char-
acteristic times) of the situation.

Under all conditions of this polydisperse clus-

Fig. 8. Radial variation at t 5 5 3 1023 s of the mass diffusion factor (8a) and compression factor (8b) in the drop sphere
of influence for size Class 1 for 6 MPa (—), 10 MPa (- - - -), 20 MPa (– z – z –), and 40 MPa (— —) corresponding to Runs
d6a–d40a.
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ter study, encompassing 6 to 40 MPa ( pr 5
1.2 2 8) and a LOX/H2 mass ratio of 4 to 12,
the variation of d2 is not linear and the curves
consistently exhibit a positive curvature. Com-
paring with the isolated drop results, this indi-
cates that the d2 variation is not only species-,
but also configuration-dependent.

Comparisons of results from a binary size
cluster of drops containing a much larger pro-
portion of small drops with those from a mono-
disperse cluster where the drop size is the area
based average of the two size classes, shows that
although the interstitial quantities may be well
predicted by a monodisperse approximation,
the lifetime of the cluster is significantly under-
estimated.

All present results display the departures
from the perfect gas law and mixture ideality
epitomizing the supercritical conditions. For
example, the compression factor exhibits values
O(1021) inside the drop which significantly
depart from the O(1023) for liquids and O(1)
for perfect gases, whereas the mass diffusion
factor may decrease as low as 0.2, considerably
deviating from the ideal mixture unity value.

This research was conducted at the Jet Propul-
sion Laboratory under sponsorship from the Na-
tional Aeronautics and Space Administration, the
George W. Marshall Space Fight Center with
Klaus W. Gross as technical contract monitor. His
continuing interest and support are greatly appre-
ciated.
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